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Abstract 



o 

$_i . The 'observer space' of a Lorentzian spacetime is the space of future-timelike unit tangent 

vectors. Using Cartan geometry, we first study the structure a given spacetime induces on its ob- 
server space, then use this to define abstract observer space geometries for which no underlying 
spacetime is assumed. We propose taking observer space as fundamental in general relativity, 
and prove integrability conditions under which spacetime can be reconstructed as a quotient of 
observer space. Additional field equations on observer space then descend to Einstein's equa- 
tions on the reconstructed spacetime. We also consider the case where no such reconstruction 
is possible, and spacetime becomes an observer-dependent, relative concept. Finally, we dis- 
cuss applications of observer space, including a geometric link between covariant and canonical 
approaches to gravity. 



1 Introduction 



General relativity is about understanding that physics does not take place against the backdrop of 
a fixed geometry. Rather, geometry itself is a dynamical entity, bending and curving in response 
to matter, just as matter is subject to geometric rules of the space it inhabits. There are, however, 
different possible interpretations of such statements. In particular, do we mean the geometry of 
spacetime, the geometry of space, or something else? 

This question is the root of tension between 'covariant' and 'canonical' approaches to gravity. 
The 'covariant' approach focuses on the geometry of spacetime, given 'all at once'. This is elegant, 
but unfortunately rather far removed from our actual experience of the world, in which space and 
time appear quite distinct. The so-called 'canonical' picture focuses instead on the geometry of 
space and how this geometry evolves in time, and is thus more clearly related to our spatiotemporal 
intuition. On the other hand, the notion of 'time' is fixed arbitrarily from the outset, going 
against the spirit of relativity, even when the final result is independent of this choice. Worse 
yet, showing this independence in some formulations is decidedly nontrivial. The term 'canonical 
gravity', stemming from the 'canonically conjugate' variables in Hamiltonian mechanics, thus stands 
in ironic contrast with standard mathematical use of the word 'canonical', where it usually means 
involving no arbitrary choices. In brief, canonical gravity is not canonical. 



In this paper, we reformulate general relativity in a way that maintains the best of both ap- 
proaches. To do this, we pass from spacetime to observer space — a 7-dimensional manifold of all 
possible observers. On one hand, this perspective offers a clear-cut distinction between spatial and 
temporal directions. On the other, it acknowledges the local, observer-dependent nature of time 
and space in general relativity, and maintains local Lorentz symmetry. Because we consider the 
space of all possible observers, there are no arbitrary choices to be made. 

But how do we describe the 'geometry of observer space', and how is it related to the geometry 
of spacetime or of space? To make this precise, it is helpful to use the approach to geometry rooted 
in the works of Felix Klein and Elie Cartan. 

Klein's Erlangen Program was about understanding geometry in terms of symmetry. In its orig- 
inal form, it applied to the 'Platonic ideals' of geometry — homogeneous spaces, such as Euclidean, 
hyperbolic, or projective geometry, in which any two points look essentially the same. Cartan 
generalized Klein's ideas to the setting of differential geometry, giving a precise characterization 
of spaces with only 'infinitesimal' symmetry. His approach involves 'infinitesimally modeling' a 
general manifold on one of Klein's homogeneous geometries. 

This outlook meshes nicely with relativistic physics: because geometry is locally, dynamically de- 
termined, our Platonic ideals of classical geometry carry over to the real world only as infinitesimal 
approximations. In passing from special relativity to general relativity, for example, Minkowski 
spacetime M 3,1 survives only as the tangent space to a more general Lorentzian manifold M. 
The global Lorentz symmetry of M 3,1 itself becomes a local (gauge) symmetry of orthonormal 
frames, which essentially implements Einstein's equivalence principle. A connection describes how 
the frames at different points are related, in a way that generally depends on the path between 
points. So, in some sense, general relativity describes spacetimes that are infinitesimally modeled 
on Minkowski space. 

To make Cartan's idea of infinitesimal modeling more precise, recall that a homogeneous 
space, or Klein geometry, is a manifold Z equipped with a smooth transitive action of a Lie 
group G. If H C G is the subgroup fixing some point z 6 Z, then Z may be identified with the 
coset space G/H. On the other hand, a Cartan geometry on M, modeled on Z, locally amounts 
to a g-valued 1-form which, when composed with the projection g — > g/h, gives an identification of 
the tangent space T X M with g/f) = T Z Z. This 1-form transforms under gauge transformations as 
a connection, but the geometry is only invariant under the subgroup H. There is thus an intrinsic 
'symmetry breaking' aspect to any Cartan geometry. 

While explicit use of Cartan geometry in physics has been sparse, it is perhaps inevitable that its 
key ingredients tend to turn up in attempts to relate gravity to gauge theory. In general relativity, 
Kibble [18] may have been first to notice that the usual Lorentz connection and coframe field, or 
vierbein, can be viewed as pieces of a single connection for the Poincare group ISO(3, 1). Later, 
MacDowell and Mansouri [20] discovered a gravity action that uses the same idea with a connection 
for the de Sitter group SO(4, 1) or anti-de Sitter group SO(3, 2). In each of these formulations, the 
naive 'gauge group' G of the theory is broken to the Lorentz group H = SO(3, 1) — a telltale signal 
that Cartan geometry secretly underlies these actions. The relevant model Klein geometry G/H 
has: 

{SO(4, 1) de Sitter group 
ISO(3, 1) Poincare group H = SO(3, 1) Lorentz group. 

SO(3, 2) anti-de Sitter group 

MacDowell-Mansouri gravity and Poincare gauge theory thus provide Cartan-geometric descrip- 



2 



tions of the 'covariant' picture of general relativity. [27] 

Similarly, on the 'canonical' side, Ashtekar variables — especially in their 'real' form originally 
given by Barbero [7] — also hint at Cartan geometry. The key variables are an SO(3) connection 
on space together with a spatial coframe field. This makes it tempting to think of these fields as 
coming from a Cartan connection with model geometry H'/K where 

(SO(4) spherical group 
ISO(3) Euclidean group K = SO(3) rotation group, 

SO(3, 1) hyperbolic group 

depending on whether space is modeled on the 3-sphere, Euclidean space or hyperbolic space. 
Presumably, the choice of H' should be related to the choice of G, since the model spacetimes have 
different associated spatial geometries. 

However, while tempting, the precise relationship between real Ashtekar variables and Cartan 
geometry modeled on H'/K is not immediately apparent. In an effort to sort out this relation- 
ship, we recently obtained a version of Ashtekar variables using 'spontaneous breaking' of Lorentz 
symmetry [14]. The idea is to introduce a field of 'local observers' — each with their own preferred 
local notions of space and time — to extract from the spacetime Lorentz connection and coframe 
field a 'spatial' SO(3) connection and triad. These pieces can be assembled into a 'spatial Cartan 
connection', giving a system of evolving spatial Cartan geometries, or 'Cartan geometro dynamics'. 
But the role of H' is still unclear: breaking Lorentz symmetry has more to do with the coset space 
H/K than with the spatial geometry H'/K. 

This becomes clear when we consider observer space. The key geometric idea is to combine the 
two levels of 'symmetry breaking' we have just described: picking not just a point but a particular 
observer in homogeneous spacetime breaks symmetry not just to H or H' but all the way to K in 
a single step. Hence G/K is the observer space of the model spacetime G/H. H and H' still play 
geometric roles in observer space geometry, as do each of the possible coset spaces: 




In particular, to get from G to K we can just as well go through H', first choosing a homogeneous 
'spatial slice' and then a point in this submanifold breaking the symmetry group down to K. All of 
this generalizes from homogeneous to Cartan geometry, where we can view general observer spaces 
as a deformation of the homogeneous models. 

One point of this paper is that spacetime Cartan geometry and Cartan geometrodynamics are 
just two aspects of the Cartan geometry of observer space. In more physical language, the geometry 
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of observer space links the covariant and canonical pictures of general relativity. Our study of this 
idea began with understanding how Ashtekar variables arise from breaking Lorentz symmetry using 
local observers [14, 15]. The present paper is, in part, a continuation of this story. 

But we also have independent physical motives for studying observer space, especially for po- 
tential applications beyond general relativity. First, since the group stabilizing a given observer 
is K, we can use observer space to investigate Lorentz-violating physical theories which only take 
K as the fundamental symmetry group. Such a violation of Lorentz symmetry is a possibility 
that continues to be investigated experimentally, and is also inherent in several theoretical mod- 
els. For instance, several proposals for gravitational theories beyond general relativity, such as 
Hofava-Lifshitz gravity [17], causal dynamical triangulations [3], and shape dynamics [8], involve 
a preferred foliation of spacetime. In our framework, a choice of foliation corresponds to a field of 
local observers, locally breaking Lorentz symmetry; on observer space we consider all such observers 
at once. More practically, spacetime geometry can only be probed by 'observers,' and to build a 
phenomenological model to be confronted with observation, one might prefer to only assume local 
K invar iance. 

More interestingly, passing from spacetime to observer space as the arena for physics could allow 
us to discard spacetime as a fundamental concept. This is the main message of the 'relative locality' 
proposal [4]: the notion of spacetime itself may be observer-dependent. The proposal of [4] is 
essentially a modification of special relativity based on such an observer-dependent spacetime, with 
an absolute momentum space common to all observers. In a more general setting one would expect 
both momentum space and spacetime to be observer-dependent concepts; this will be precisely the 
interpretation given to a general observer space geometry in this paper. Our construction hence 
provides a natural framework to move from 'special' to 'general' relative locality. 

Plan of the paper 

In section 2, we explain how Cartan geometry is used in ordinary spacetime physics, including a 
review of the Cartan-geometric underpinnings of MacDowell-Mansouri gravity. 

In section 3, we study the geometry of observer space, first with a Lorentzian spacetime given 
at the outset, and then from the perspective of Cartan geometry, where the Cartan connection 
induces the geometry of observer space. We explain our recent 'Cartan geometro dynamics' picture 
of Ashtekar variables from the perspective of observer space. 

Section 4 contains some of our main results. We consider the possibility that observer space is 
more fundamental than spacetime, and derive conditions (Thm. 19) for the existence of spacetime, 
i.e. the ability to reconstruct an observer-independent spacetime from observer space. We give an 
action on observer space that allows the reconstruction of spacetime, and whose solutions include 
all solutions of vacuum general relativity. 

In section 5 we discuss the general scenario where no such reconstruction is possible and space- 
time is relative. We explain observer-dependent notions of coincidence of observers and of spacetime. 
As a special case we consider the possibility that velocity space, rather than spacetime, is absolute. 
We explain how the proposal of relative locality [4] is naturally described in these terms. 

We conclude with some remarks about the fundamental status of spacetime, and suggest some 
directions for further investigation. For the convenience of the reader, we summarize our notation 
in Appendix A. 
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2 Cartan geometry in spacetime physics 



We begin with a brief overview of Cartan geometry and of its use in the MacDowell-Mansouri 
description of gravity. 

2.1 Model spacetimes 

Klein geometry studies homogeneous spaces via their symmetry groups. If a Lie group G acts 
transitively on a manifold Z, we can identify Z with the coset space G/H, where H is the stabilizer 
of an arbitrarily chosen point z € Z: 

H = {geG:gz = z}, (2.1) 

a topological^/ closed (and hence Lie) subgroup. The isomorphism Z = G/H is G-equivariant. 
Conversely, the coset space G/H is a manifold with smooth G action, provided H is closed in G. 
It is thus convenient to define a Klein geometry to be such a pairs of groups, even though we think 
of these as algebraic tools for studying the geometry of the corresponding homogeneous space. 

Definition 1. A Klein geometry (G,H) is a Lie group G with closed subgroup H. 

For spacetime geometry, the obvious Klein geometries are the standard family of maximally 
symmetric solutions of the vacuum Einstein equations: de Sitter, Minkowski, or anti-de Sitter, 
depending on the cosmological constant A. In 3 + 1 dimensions, the corresponding groups of 
isometries preserving both orientation and time orientation are 

r SO c (4, 1) de Sitter (A > 0) 

G = < IS0 (3, 1) Minkowski (A = 0) H = SO G (3, 1) Lorentz group. (2.2) 

{ SO c (3,2) anti-de Sitter (A < 0) 

where the subscript denotes the connected component. Throughout the rest of this paper, unless 
otherwise noted, the letters G and H will refer to the particular groups in (2.2), and Z will denote 
the corresponding homogeneous spacetime, where H is the stabilizer of an arbitrary z £ Z, fixed 
once and for all. Since little of what follows depends on the sign of A, we treat all cases in parallel, 
noting exceptions as necessary. 

In any of these spacetime Klein geometries, G acts irreducibly on its Lie algebra g via the 
adjoint representation, but restricting this to the group H, we have a direct sum 

5 = 1)03 (2.3) 

where f) is the Lie algebra of H, and the complement 3 = M 3 ' 1 may be identified in a canonical way 
with the tangent space at z: 

3 = T Z Z. (2.4) 

Geometrically, this direct sum breaks the 'infinitesimal symmetries' of Z up into 'infinitesimal 
Lorentz transformations', which preserve z, and 'infinitesimal translations' of z. In fact, this gives 
a Z/2-grading of g with even part f) and odd part 3: 

[i),i)]Qt) [M^3 [i,j]Cf) (2.5) 
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which means Z is a symmetric space. 

In fact, even the metric on these homogeneous spacetime can essentially be recovered from Lie 
theory. Any semi-Riemannian metric on Z invariant under G is induced by some nondegenerate 
H- invariant symmetric bilinear form on 3. In each of the spacetime geometries Z, there is only one 
such invariant bilinear form up to scale, so the geometry of Z reduces to knowing the groups G 
and H, plus a unit of length. 

2.2 Cartan geometry of spacetime 

To each Klein geometry, there is an associated type of Cartan geometry. Here we give the general 
definition, before specializing to the spacetime Klein geometries just discussed. 

Definition 2. A Cartan geometry (it: P — > M,A) modeled on the Klein geometry (G,H) is a 
principal right H bundle ir: P — )■ M equipped with a Q-valued 1-form A on P 



called the Cartan connection, satisfying three properties: 

CI. For each p € P, A p : T p P — > q is a linear isomorphism; 
C2. (R h )*A = Adih- 1 ) o A MheH; 

C3. A restricts to the Maurer-Cartan form on vertical vectors. 

To be more precise in property C3, note that we can pull back forms on H along any local 
trivialization /: P\jj — > U x H. On each fiber P x , this gives an isomorphism of right -fT-spaces, but 
only the pullback of the Ze/lt-invariant Maurer-Cartan form on H — defined by Ah(v) = (L h -i)*v 
for v € TfrH — is independent of which trivialization we use. This is the Maurer-Cartan form on P 
that property C3 refers to. 

The curvature of a Cartan connection is the (P Xh {j)-valued 2- form 



and a Cartan geometry is called fiat if F = 0. 

Example 3. Any Klein geometry (G, H) becomes a Cartan geometry in a canonical way. The 
map G — > G/H is principal right H -bundle, and the Maurer-Cartan form A: TG — > q is a Cartan 
connection. Conversely, any flat Cartan geometry is locally isomorphic to a Klein geometry. (See 



2.2.1 From Lorentzian geometry to Cartan geometry 

We now focus on spacetime Cartan geometry and, in particular, give the precise correspondence to 
Lorentzian geometry in the familiar sense. 

Fix any one of the three spacetime Klein geometries (G,H) defined in section 2.1. Starting 
with any manifold M equipped with a Lorentzian metric, orientation and time orientation, we will 
canonically construct a Cartan geometry associated to it. 



A: TP 



(2.6) 




(2.7) 



e.g. [25]J 
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As the principal bundle, we take the bundle of all ways to glue Z to M by identifying 3 = T Z Z 
with some tangent space of M in a way that respects all of the relevant structure on these tangent 
spaces. More precisely: 

FM = {proper linear isometries /: 3 — > T X M, x G M} . (2-8) 

where we call a map proper if it preserves orientation and time orientation. FM is isomorphic 
to the usual oriented and time oriented orthonormal frame bundle, so we refer to it as the frame 
bundle and to its elements as frames. Since H acts on 3, is acts on frames via composition, 
/ 1— > f o h, making FM into a principal right H bundle. 

The Cartan connection is a certain g-valued 1-form on the bundle FM, but since FM is a 
principal H bundle, ff-invariance of the splitting (2.3) means a g-valued 1-form is simply an re- 
valued 1-form together with a 3-valued 1-form. In fact, we have a canonical 3-valued 1-form on 
FM: 

e : TFM — » 3 (2.9) 
called the soldering form. Given the canonical maps 

TFM (2.10) 




FM TM 

where 7T* : TFM — > TM is the differential of the projection it: FM — >• M and w maps v E TfFM 
to /, the soldering form is given by 

e(v)=w(v)- 1 fa(v)). (2.11) 

Moreover, the metric has a canonical Levi-Civita connection: the unique torsion-free connection 
on TM. This corresponds to a torsion-free connection oj on FM. Together, we have 1-forms 
u : TFM — > fj and e: TFM — > 3, which assemble to give: 

A:TFM->g (2.12) 

unique up to gauge transformations of the principal H bundle FM — > M. One may check that 
(ir: FM — > M, A) is a Cartan geometry modeled on (G, H). 



2.2.2 From Cartan geometry back to Lorentzian geometry 

We have just seen how to get a Cartan geometry starting from a Lorentzian spacetime, for any of 
the models (G,H) from section 2.1. To describe general relativity as a gauge theory for a Cartan 
connection, however, we need just the opposite: we want to see how an iif-bundle with Cartan 
connection gives us a Lorentzian geometry. 

In a general Cartan geometry (tt: P — > M,A) modeled on the spacetime geometry (G,H), we 
can still think of the bundle P as a stand-in for the bundle (2.8) of oriented orthonormal frames. 
We often call it a fake frame bundle. From it, we can construct the associated vector bundle 

T = P x H } 
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which we call the corresponding fake tangent bundle. 

An important observation is that the fake tangent bundle inherits a metric from the Klein 
geometry (G/H): since r/ is an //-invariant inner product on 3, it induces an inner product on T ■ 
It should cause little confusion if we also call this metric '77'. Since T is only the fake tangent bundle, 
we cannot use the metric rj to measure lengths and angles for tangent vectors to M. However, we 
can transfer this metric to TM if we have a coframe field — a vector bundle isomorphism: 

TM-^T 




M 



This is the global analog of the local coframe fields e: TM — > R 3 ' 1 often used in gravitational 
theory, and induces a metric on spacetime via pullback: 

g(v, w) = rj(e(v),e(w)) . (2.13) 

Most importantly for our purposes, a coframe field can be obtained as part of a g-valued 1-form on 
a principal H bundle over M: 

Lemma 4. Let p: P —> M be a principal H -bundle, T the corresponding fake tangent bundle. 
Then there is a canonical one-to-one correspondence between: 

• vector bundle morphisms e: TM — > T , and 

• ^-valued 1-forms e on P that are: 

— horizontal: e vanishes on ker(cfp) 

— H -equivariant: R^e = h^ 1 o e for all h £ H. 

Moreover, the first of these is an isomorphism precisely when the second is nondegenerate, meaning 
that each restriction e: TfP — > 3 has maximal rank. 

Proof: The proof is straightforward. See [6] for details. I 

From this lemma, it is immediate that the 3 part of the Cartan connection is equivalent to a 
coframe field. In particular, P is isomorphic to the frame bundle (2.8) for the metric (2.13). The 
f) part of the Cartan connection is then an Ehresmann connection on P, which corresponds to a 
metric-compatible connection. 

Note that 'fake frame bundles' and 'fake tangent bundles' are equivalent. While we started with 
the principal bundle P and built the vector bundle T = P x# 3, we could just as well start with 
an arbitrary 'fake tangent bundle' T — a vector bundle T = TM equipped with a metric rj and an 
orientation, and mimic the construction of FM to get the principal H bundle 

P = {proper linear isometries /: 3 — » T x , x € M} . (2-14) 
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2.3 MacDowell-Mansouri gravity 

The formulation of general relativity in which spacetime Cartan geometry plays the most conspic- 
uous role is the action introduced by MacDowell and Mansouri [20]. MacDowell-Mansouri gravity 
works only with a nonzero cosmological constant, so here we take (G, H) to be either the de Sitter 
or anti-de Sitter model. Fixing a fake frame bundle over spacetime M, the only field in the theory 
is a Cartan connection A. The action is 

S MM [A] = I tr^A*^) , (2.15) 
Jm 

where F = F[A] is the curvature, F§ is its f)-valued part, * is a Hodge star operator on f) = A 2 R 3,1 , 
and trj, is a non-degenerate //-invariant inner product on (). There is a two-parameter family of 
such products, related to the 'Immirzi parameter' in gravity; see [28]. 

To see how this gives general relativity, first note that the splitting = f) © 3 reduces A to an 
H connection u together with a coframe field e. The f) part of the curvature is then 

F^ = R+^[e,e] 

where R = R[u] is the curvature of oj. Substituting this into the action, we get: 

Smm [A] = J tr„ Me, e] A *R + i[e, e] A *[e, e] + R A *RJ . (2.16) 

With appropriate normalization, the first two terms are just the Palatini action for general relativity; 
the final term is a topological 'Gauss-Bonnet' term, which does not affect the classical theory. In 
fact, the resulting field equations for general relativity can also be neatly summarized as 

[e,*F]=0 (2.17) 

where * acts only on the f) part of the full curvature F. 

It is worth noting that while G symmetry is broken 'by hand' to H in this action, the symmetry 
can also be broken 'spontaneously', as first observed by Stelle and West [26]. Discussion of this 
idea and its geometric significance can also be found in [13, 29]. However, we will not need this 
here. Much more detail on the Cartan geometric underpinnings of MacDowell-Mansouri gravity 
and related theories can be found in our previous work [13, 27, 28]. 

2.4 Geodesies and development 

One of the central statements of general relativity is that test particles move along geodesies for 
a metric-compatible connection on spacetime. In order to define the geodesies for a given Cartan 
geometry (ir : P — > M, A), the central notion is development, the mapping of paths in P (or M) 
into the model space Z = G/H: 

Definition 5. The development of a path C : [0, 1] — )■ P into Z is a path zq : [0, 1] — > Z defined 
by Zc{\) = gc(tyH, where gc(^) solves the differential equation (here and in the following' denotes 
differentiation with respect to X) 

g c 1 g c = A(C) (2.18) 
for the Cartan connection A on P and the tangent vector C € TP to C. 
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Clearly gc is unique up to choosing gc (0), hence zc is unique after fixing an origin zc (0) € Z. 

Any path C in P projects to a path tt o C in the spacetime manifold M; conversely, starting 
from a path 7 in M we can choose a local section a : M — > P of P and obtain a path a o 7 in P. 
The development of a o 7 is independent of the choice of local section a: 

Lemma 6. For two paths C and C related by the action of H on P such that C(A) = C'(A) ■ h{\) 
for some function h : [0, 1] — > H , zq = zc ■ 

Proof: Assume that gc is a solution to the equation g^ 1 gc = A(C). Then g' := gc ■ h solves 

g'- l g > = h- 1 A(C)h + h- 1 h (2.19) 

Now C = C ■ h + C ■ h and A satisfies properties C2 and C3 in definition 2: (Rh)*A = Ad(/i _1 ) o A 
and A restricts to the Maurer-Cartan form on vertical vectors. Hence the right-hand side of (2.19) 
is A(C), and the development of C is Zc = g' H = gc H = Zc- I 

We can hence think of development as a map from paths in M to paths in Z. Geometrically, 
the development zc of C into Z represents the path traced out on the 'model' space Z as it is rolled 
along tt o C in the manifold M. 

Proposition 7. A path 7 : [0, 1] — > M in M is a geodesic in the sense of Lorentzian geometry 
on M, with metric g defined by the 3 part of the Cartan connection by (2.13), if and only if its 
development z 7 is a geodesic in Z (with respect to the G-invariant metric on Z). 

Proof: Geodesies in Lorentzian geometry on M are paths extremizing the particle action 

S = J dA 5 ( 7 ,7) = J dA77(e(7),e(7)), (2.20) 

where we have picked a coframe field e satisfying the relation (2.13), unique up to H transformations 
which leave r\ invariant. The action (2.20) is extremized by 'straight lines' h~ 1 e( A f)h = constant for 
some function h : [0, 1] — > H. 

Given a path 7 : [0, 1] — > M, we pick local sections a : M —■ P and r : G/H — > G. The 
development of 7 into Z is then the path z 7 in Z such that r(z 7 ) = g 7 • hZ 1 for a path g^ in G and 
a path hj in H where g 7 solves g~ l gZ = A((a o 7)'), or 

hj^h\ + /i 7 " 1 r(z 7 )~ 1 (r(z 7 ))'/i 7 = A((a o j)') , (2.21) 

which is a g-valued equation. Its 3 part is 

r(z 7 )- 1 (r(z 7 ))- = h 1 e((tr o 7)> 7 ~ 1 . (2.22) 

Since geodesies in Z correspond to the orbits of one-dimensional subgroups of G, z 7 is a geodesic 
if the right-hand side is constant for some /i 7 : [0, 1] — > H. This reproduces the characterization of 
geodesies in Lorentzian geometry (note that development is independent of the choice of a). I 

3 Observer space 

We now move on to the main goal of this paper: to understand general relativity in terms of 
observer space, rather than spacetime, setting the geometric stage for modifications that could 
describe physics beyond general relativity. We do this using the basic machinery of Cartan geometry 
described in the preceding sections. First, however, we describe in general terms what sort of 
geometric features observer space inherits from the geometry of a Lorentzian spacetime. 
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3.1 The observer space of a Lorentzian spacetime 



Given a Lorentzian spacetime (M,g) equipped with a time orientation, we define the observer 
space of M to be the space of all unit future timelike vectors, also known as the future unit 
tangent bundle of M. 

Contact geometry 

The observer space O has a canonical contact structure. Recall that on any (2n + l)-dimensional 
manifold, a contact form is a 1-form a that is maximally nonintegrable in the sense that the (2n+l)- 
form a A da A ■ ■ ■ A da is nowhere- vanishing, and hence is a volume form. In contrast, note that 
the Probenius integrability condition is that a Ada vanishes identically, so a contact form is indeed 
highly non-integrable. A contact structure on a manifold is the hyperplane distribution given 
by the kernel of a contact form. The kernel does not change if we multiply the contact form by 
any nowhere-vanishing function, so we can also define a contact structure as an equivalence class 
of contact forms under multiplication by nonvanishing functions. 

In fact, given a Lorentzian manifold M, its observer space O has not only a canonical contact 
structure, but a canonical contact form inducing this structure. This contact form, 

a : TO — )■ R 

is given by: 

a(v) = g(p(v),Tr*v) , (3.1) 

where p: TO 40C TM is the tangent bundle of O, and 7r* : TO — > TM is the differential of the 
observer bundle it: O — > M. 

The contact form a induces a Reeb vector field r on observer space, the unique vector field 
normalized by a and whose flow preserves a, that is 

a(r) = 1 and £ r a = , (3-2) 

where £ denotes the Lie derivative. The Reeb vector field is the restriction to observer space of 
the 'geodesic spray', the vector field on TM whose integral curves give geodesies on M for the 
Levi-Civita connection of g (see e.g. [22, Ch. V]). Thus "inertial observers", who follow timelike 
geodesies in spacetime, simply follow the flow of the Reeb vector field in observer space. 

The Sasaki metric 

Besides being a contact manifold, the observer space of a Lorentzian spacetime is also naturally 
a semi-Riemannian manifold. In fact, it has natural metrics of both Lorentzian and Riemannian 
signature. 

The key to this is that the double tangent bundle of any semi-Riemannian manifold (M, g) has 
a pair of projections down to the tangent bundle: 

TTM (3.3) 




TM TM 
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The first of these, 7r*, is just the differential of the tangent bundle it: TM — > M, while the second, 
k is the 'connection mapping' defined using the Levi-Civita connection V on M. More precisely, 
since a vector field on M is, in particular, a map £: M — > TM, its differential is : TM — > TTM, 
and k is uniquely determined by requiring 

= V x £ (3.4) 

for every vector field £ and every tangent vector X to M (see e.g. [11]). One can show that TTM 
is a direct sum of the distributions given by the kernels of these projections: 

TTM = ker vr* © ker k 

called respectively the vertical and horizontal distributions on TM. Moreover, 

g(v, w) = g{ir*v, ir*w) + g(nv, kw) 

is thus a nondegenerate metric on TM. In our case, where g has signature (3, 1), g has signature 
(6,2). The observer space O C TM is a submanifold with induced metric of Lorentzian signature 
(6, 1). This induced metric is the Sasaki metric on observer space. 

On the other hand, we can also get a Riemannian metric on observer space. The Reeb vector 
field is a nonvanishing timelike vector field orthogonal to the symplectic structure under the Sasaki 
metric. We can thus flip the sign of the Sasaki metric in the direction of the Reeb vector field, 
while fixing the metric on the contact distribution. 

Spatial, temporal and boost distributions 

The contact structure on observer space is a hyperplane distribution. But there are other canonical 
distributions on observer space as well. First, there is the distribution complementary to the 
contact structure, the 1-dimensional distribution spanned by the Reeb vector field, which we call 
the temporal distribution. Timelike geodesies on M correspond to curves on O tangent to the 
temporal distribution. 

But also, the 6-dimensional contact distribution splits into a pair of 3-dimensional subdistri- 
butions. The boost distribution is the kernel of 7T*, where ir: O — > M is the restriction of 
the tangent bundle to observer space. A path tangent to this distribution corresponds to simply 
changing observers at a fixed point in spacetime. By definition of the contact form (3.1), the boost 
distribution is clearly a 3-dimensional sub-distribution of the contact distribution. The spatial 
distribution can be defined either as the orthogonal complement of the boost distribution in the 
contact distribution, or as the kernel of k restricted to O. In this way, each tangent space splits 
canonically into a direct sum: 

T a O = (boost vectors) © (spatial vectors) © (temporal vectors) (3-5) 

where the first two summands constitute the contact structure. 

Momentum space 

In spacetime physics, whereas the velocity of a subluminal particle is a unit future-timelike vector, 
the momentum is an arbitrary future-timelike cotangent vector. The space of momenta is thus a 
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subspace of T*M. A particle's momentum can be dualized and then normalized via the metric to 
get the corresponding velocity, and conversely, the dual of the velocity times the particle's mass 
gives the momentum. 

In observer space, on the other hand, the velocity of a particle is not a vector but just a point. 
However, we can still reconstruct the space of all momenta of particles directly from observer space, 
without appealing to spacetime in any direct way. 

The key is that any (2n + l)-dimensional contact manifold can be extended canonically to a 
(2n + 2)-dimensional symplectic manifold, its 'symplectification'. To see how this works, first define 
a contact element at a point o in a contact manifold O to be a covector j3 € T*0 whose kernel 
is the contact hyperplane at o. Then the symplectification S of O is the space of all contact 
elements on O. In other words, S is the subbundle of T*0 whose sections are contact forms for the 
contact structure. The symplectic structure on S 

uj: TS x TS — »■ R 

is the differential of the canonical 1-form a : TS — > R given by: 

a(v) = /3 (7r*t>) v £ Tf3 o S 

where tt: S — > O is the obvious bundle and j3 is a contact element at o G O. 

The symplectification of O depends only on the contact structure, and not on the specific contact 
form. Specifying a particular contact form — or in other words a section of the symplectification of 
O — amounts to choosing, at each point in space, which momentum corresponds to a particle with 
'unit mass'. 

Lightlike particles 

At this point, we may wonder how massless particles fit into the observer space picture. Since a 
point in observer space corresponds to the instantaneous velocity of a subluminal particle, there 
seems to be no room in observer space for particles traveling at the speed of light. The answer, 
however, is clear: lightlike particles live in the 'boundary' of observer space. 

More precisely, each fiber in the observer space bundle O — > M is a copy of hyperbolic space, 
namely the space of all timelike velocity vectors at the same spacetime event. If we adjoin to each 
fiber the space of lightrays at that event, we obtain an extension of observer space in which each 
fiber is a compactification of hyperbolic space, diffeomorphic to a 3-dimensional ball. 

This extended observer space, which includes 'lightlike observers' on its boundary, deserves 
further study. However, for the remainder of this paper, we focus on ordinary subluminal observers 
only. 

3.2 Model observer spaces 

To describe observer space Cartan geometry, we first need Klein geometries to serve as homogeneous 
models of observer space. Fortunately, there are three obvious choices: The model spacetimes 
Z = G/H described in section 2.1 are not only homogeneous, but also isotropic, meaning that G 
acts transitively on observers as well. Thus, to each of these models there is a corresponding model 
observer space. 
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Recall that our chosen spacetime event, z E Z, has stabilizer H and 3 = T Z Z. The observers 
at z, the unit timelike vectors, are thus elements of hyperbolic 3-space, which we define to be a 
submanifold of 3 = K 3 ' 1 in the usual way: 

H 3 := {y € 3 : r?(y, y) = -1, y > 0} = H/K , (3.6) 

where we are using a G-invariant metric r\ on Z of signature ( — h++), and the stabilizer of y € H 3 
is 

^^SO(3). (3.7) 
The natural projection from observer space down to spacetime: 

G/K -)■ G/H (3.8) 

is a G-equivariant fiber bundle with standard fiber H 3 . The fiber over an event is of course just the 
hyperbolic space of all velocities that observers at that event can have. 

As a representation of K, both f) and 3 in the reductive splitting (2.3) are reducible: each splits 
into a direct sum of two irreducible K representations: 

f)=t©t) and 3 = 3 03 O . (3.9) 

Here t is the Lie algebra of K, and the complement t) = M 3 is canonically isomorphic to the tangent 
space to H/K at the basepoint y. The representation 3, corresponding to spacetime translations, 
naturally splits into spatial and temporal translations, from the observer's perspective. 

Thus the adjoint representation of K C G on q splits into a direct sum of four irreducible 
representations, based on our choice of basepoint z € Z and observer y at z: 

g = te (»?e3©3o) (3.10) 

The parenthesized part is naturally identified with the tangent space to observer space at the chosen 
observer; the three summands correspond respectively to those in the canonical splitting (3.5) of 
tangent spaces to an observer space. 

We can interpret the sum (3.10) of K representations in terms of infinitesimal symmetries of 
observer space: 

t ~ rotations around the observer 

rj ~ boosts, changing the observer but not the base event 
3 ~ spatial translations of the event / observer 
3o ~ time translations of the event /observer. 

It is a straightforward exercise to work out the Lie brackets. For any of the models, we have 

[t,t] Ct 
[*,*>] ^0 

%io] = o 

where the third column is actually zero in the case A = 0. The geometric interpretation of these is 
clear: for example, [rj, 3] C 3 says tiny boosts and tiny spatial translations commute up to a time 
translation. 



[t),t)} Ct [3,3-] Ct [3o,3o]=0 
fe,3l C 3 %$o] C X) 
[9j3o] Q 3 
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From the above chart we see that [t, rj ffi 3] C rj © 3, but [rj © 3, rj © 3] generally has parts in both 
t and its complement. Thus our model observer geometries are reductive but not symmetric. Note 
that B = tffit}ffi3©3 makes g into a (Z/2 x Z/2)-graded Lie algebra. 

There is another way to interpret the splitting (3.10) geometrically, which will be important for 
understanding Cartan geometrodynamics in section 3.5. Cartan geometrodynamics is about how 
observer space geometry relates spacetime geometry to spatial geometry. While general relativistic 
spacetimes have no canonical notion of 'space', our homogeneous models of spacetime do. In par- 
ticular, given an observer, there exists a unique maximal totally geodesic hypersurface orthogonal 
to the observer. The stabilizer of such a hypersurface is a subgroup H' C G, which acts transitively 
on the hypersurface. The stabilizer of a point on this spatial slice under the action of H' is the 
same as the stabilizer of an observer, namely K. This lets us describe spatial geometry using these 
groups: 

(SO(4) spherical group 
ISO(3) Euclidean group K = SO(3) rotation group. 

SO(3, 1) hyperbolic group 

From this perspective, we get a rather different interpretation of the decomposition of 3 in 
(3.10): 

t ~ rotations around the basepoint on the spatial slice 
n ~ changes of spatial slice, without changing the basepoint 
3 ~ translations of the basepoint, within the same spatial slice 
3o ~ time translations of the basepoint, changing the spatial slice. 

It is worth mentioning that the models discussed in this section are not the only possible models 
of observer space. For example, starting from one of the models (G, H), one could form a new model 
(G' , H) where G' = H tx (rj ffi 3). This is an example of a 'mutation' of a geometry [25]. However, 
in this paper, we use only the three models (G, H) described above. 

Contact structure 

The homogeneous models of observer space are homogeneous as contact manifolds, meaning that 
the symmetries preserve the contact structure. We now describe the contact structure directly in 
the language of Kleinian geometry. 

Proposition 8. Consider the observer space Cartan geometry (n: G — >■ G/K,A) where A is the 
Maurer-Cartan form. The projection of A into 3 D : 

TG^—^g ^3 

induces a 1-form on G/K. This I- form coincides with the negative of the contact form (3.1) induced 
by the structure of G/K as the unit future tangent bundle of G/H. 

Proof: First, by a slight variation of Lemma 4, the projection of the Maurer-Cartan form into 
rj ffi 3 is the same as an isomorphism 

T(G/K) ->■ G Xk (t) ©3). 

Similarly, projecting further to $ , the 3„ part of A is the same as a 1-form on G/K with values in 
the associated vector bundle G x.k io over G/K. But this latter vector bundle is trivial, since K 
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acts trivially on 3 OJ so we have just a 3 Q -valued 1-form. Taking advantage of the above isomorphism 
for T(G/K), this 1-form is given by: 

[g,(a,w)\ i-> w 
where w is the j part of uu £ 3. Namely, using the metric rj on G/K, 

w = —7](v, w)v 

since 3 G is by definition the span of v € 3. Using the isomorphism 3„ = M given by v 1— >■ 1, we thus 
get a real- valued 1-form d on G/H: 

&([g, (a,w)]) = -rj(v,w). 

On the other hand, note that the differential of the bundle map (3.8) at the observer v (corre- 
sponding to the identity coset), is just the obvious projection t) © 3 — > 3. Thus, the contact form 
(3.1) is given by: 

a y : G x K (rj ©3) K 

[g, (a,w)] ^ v(v,w) 

This differs from a by a minus sign. I 

For the momentum space corresponding to the model observer space, one can check that the 
symplectification of the contact manifold G/K is canonically isomorphic to the space of future- 
timelike cotangent vectors to G/H. 

3.3 Cartan geometry of observer space 

Now that we understand the homogeneous models, the general definition of Cartan geometry (def. 2) 
lets us define abstractly what it means for a manifold to have the geometry of an 'observer space'. 

Definition 9. An observer space geometry (tt : P — > O, A) is a Cartan geometry modeled on 
(G, K) for one of the models given in the previous section. 

This definition is intrinsic in the sense that it describes the geometry of an observer space 
directly, without using any underlying notion of 'spacetime'. We now turn to describing observer 
space Cartan geometries in more detail, and give some examples. 



Geometry of observer space connections 

According to the splitting (3.10) of the Lie algebra g, the Cartan connection on observer space 
breaks up into four irreducible pieces: 

A = tt + b + e + e { ' ' 

This can be interpreted geometrically using 'rolling without slipping': Locally, as we begin to move 
along some path 7 in O, rolling the model observer space along as we go, the transformation of the 
model space breaks up into: 
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• f2(7'(0)) — a tiny rotation around the model observer 

• 6(7' (0)) — a tiny boost of the model observer 

• e(7'(0)) — a tiny spatial translation of the model observer 

• e o (7'(0)) — a tiny time translation of the model observer 

Using the commutation relations of the algebra, the corresponding pieces of the curvature are: 

F = dA + l\A,A\ 

11 1 ( 3 - 13 ) 

= (dfi + £[fi,J2] + i[6,6] + ±[e,e]) + (d n b + [e,e a ]) + (d n e + [b,e ]) + (de + [b,e\). 

Distributions 

In Cartan geometry based on any model (G,K), a ET-invariant structure on the tangent space q/£ 
of the model Klein geometry yields the same type of structure on tangent spaces of the model. For 
an observer space Cartan geometry, according to (3.10) we have a K-invariant splitting 

g/t = 9©3©3o 

and the Cartan connection thus gives a splitting of each tangent space. To see how this works, 
first note that the Cartan connection gives four distributions on the total space P, just by taking 
preimages of the components along A: TP — > g. It will be convenient to denote the distribution 
corresponding to a particular subalgebra using an underline, for example: 

t) = A- l {X)) 

f, = t©t) = A- 1 (b) 



Note that by definition A{(\) = q for any K- invariant subspace qCg. 

Because of iT-invariance, these distributions descend to the base manifold in a gauge invariant 
way. The distribution | is just the vertical distribution of the bundle, and so is trivial on the base; 
the distributions corresponding to n, 3 and 3 G descend to give the local directions corresponding to 
boosts, spatial translations, and time translations, according to each observer. 



Observer space geometry from spacetime geometry 

Of course, the most obvious way to construct an observer space geometry is to start with a spacetime 
geometry. Given a spacetime Cartan geometry, the principal H bundle P over spacetime determines 
an isomorphism between the (fake) observer space O and the associated bundle PxjjH/K. Defining 
the fake tangent bundle T = P Xh 3 and viewing P as the fake frame bundle 

P = {linear isometries /: 3 — > T x , x G M} , (3-14) 

we can define fake observer space O as the bundle of unit future-directed timelike vectors in the 
fake tangent bundle. We have a canonical bundle isomorphism 

PxhH/K -> O 

[U,y] f x ( y ). 
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Starting from P, we can fix an observer y €Y which gives us a projection map 



I Z f%) (3 - 16) 

allowing us to identify P as a principal K bundle over O. The original Cartan connection on 
spacetime becomes a Cartan connection on observer space: 

Lemma 10 (Observer space geometry from spacetime geometry). If (jr: P — > M,A) is 
a Cartan geometry with model (G,H), then (ir: P — > 0,A), where O = P x^j H/K is a Cartan 
geometry with model (G, K) . 

Proof: First note that a Cartan connection on P — > M and a Cartan connection on P — >■ are 
both g-valued 1-forms on P. If A is a Cartan connection on P — > M, it has properties C1-C3 in 
definition 2: It is a linear isomorphism T p P — > q at each p £ P, it transforms under the adjoint 
of H, and is the Maurer-Cartan form on invariant vector fields associated to the Lie algebra f). 
But the second and third properties imply the same properties for the subgroup K C H and the 
subalgebra t. Hence A is also a Cartan connection on P — > O. I 

The converse is of course not true: Properties C2 and C3 for the group K do not imply those for 
the larger group H . 

As explained in section 2.2, a Cartan connection on the bundle P —> M allows us to reconstruct 
the 'real' bundles from the fake ones, since its 3 part defines a coframe and hence an isomorphism 
between the bundles TM and T. 



3.4 Observer fields 

From the observer space perspective, the geometry of spacetime is always viewed locally in relation 
to some particular observer. To study spacetime geometry over extended regions, it is thus helpful 
to single out one observer at each point by specifying a 'field of observers'. As in our previous 
discussions we will start with a Lorentzian spacetime with its associated Cartan connection on the 
frame bundle FM. 

Definition 11. If M is a Lorentzian spacetime with observer space O, a field of observers is a 

section of the bundle O —> M . 

In other words an observer field is unit future-directed timelike vector field. These exist on any 
time-oriented Lorentzian manifold. 

An observer field u gives a vector field on M, and hence a 1-form u, defined by u(v) = g(u,v). 
However, we can also obtain the dual 1-form by pulling back the contact form a along u: 

Proposition 12. The 1-form dual to u is it = u*a. 

Proof: Directly calculating the pullback of a along u, we get: 

u*a(v) = a(tt*f ) 

= g(p(u*v),ir*u*v) 

= g(u,v) 

= u(v), 
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since by definition u, the dual of u, is the 1-form on M given by u(v) = g(u, v). I 

A field of observers u and its corresponding field of co-observers u give us a canonical way to 
split differential forms into spatial and temporal parts. First interior multiplication by u is the 
grade -1 map: 

i u : Q P {M) -> W-\M) 

defined on 1-forms X by t u X = X(u), and on higher forms by requiring it to be a graded derivation: 

l u (X AY) = (l u X) AY + {-fX A i u Y , (3.17) 

where X is a p-form. 

Definition 13. We say a differential form X on M is temporal if u A X = 0, and spatial if 

t u X = 0. 

It is then easy to check that any form X splits into spatial and temporal parts as: 

X = (X - u A i u X) + (u A L U X) =: X 1 - + (3.18) 

v J \ J 

spatial temporal 

and that the spatial and temporal projections are grade derivations. Similarly we can define 
spatial and temporal differentials that act on differential forms as 

d ± X = dX - u A £ U X , Sx = uA£ u X (3.19) 

where £ u = t u d + d l u is the usual Lie derivative. 

So far, all of this assumes a metric given from the outset. As we have seen, we can avoid this 
by starting with a 'fake frame bundle' P and its associated fake tangent bundle T with metric r\. 

Definition 14. Given a fake frame bundle P with associated fake observer space' O = P Xh H/ K , 
a field of internal observers is a section of the bundle O —> M . 

Such an internal observer field y reduces P to a principal K bundle: P is a principal K bundle 
over O, and this can be pulled back along y to a principal K bundle Q y — > M: 

Q y P (3.20) 

\ I 

Thinking of P as a fake frame bundle, Q y corresponds to the bundle of frames that map a given 
(fixed) observer y Q € 3 into y{x) £ T x , with an obvious inclusion map i y into P. 

The internal observer field also lets us split fields living in any associated vector bundle of P 
into various components, according to how the relevant H representation splits when pulled back 
to K. For instance, the fake tangent bundle T splits into internal 'temporal' and 'spatial' parts: 

T = P X H 3 = (Qy *K do) ®M (Qy *K I) , (3.21) 

where ©m denotes the fiberwise direct sum of vector bundles. Similarly, the internal observer splits 
fields valued in the bundle Ad(P) = P Xh f) into an a t part and a rj part, according to (3.9). 
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Next, suppose we have not only a fake frame bundle, but a Cartan connection on it. The 3 part 
gives us a coframe field, hence an specific isomorphism TM = T ■ Using this isomorphism, a field 
of internal observers obviously corresponds to a field of observers for the metric and orientation 
induced by the coframe field. This same linking of 'internal' and 'spacetime' observers is the key 
to our construction of covariant Ashtekar variables [14], which we also review in the next section 
with the benefit of observer space. But first, we consider what happens to the Cartan connection 
when we reduce the frame bundle to a K bundle via an observer field. 

For a given observer field y: M — > O, we can use the inclusion i y in (3.20) to pull back a Cartan 
connection A on P — >• M to Q y : 

A = i*A : TQ y -> g . (3.22) 

It is clear that A cannot be a Cartan connection for the bundle Q y —> M, since T q Q y and g do not 
have the same dimension. But, it has all other essential features of a Cartan connection: 

Proposition 15. Let (it: P —¥ M, A) be a spacetime Cartan geometry with model (G,H), and 
let i: Q — > P be a reduction of P to a principal K -bundle. The pullback A := i*A of the Cartan 
connection A satisfies: 

1. For each q £ Q, the projection of A to t ©3, (A q )^ : T q Q — >■ £ ©3 is a linear isomorphism; 

2. R* k A = Ad(A;- 1 )i VA; € K; 

3. A restricts to the Maurer-Cartan form on vertical vectors. 

Proof: Note that the inclusion i is i^-equivariant: i o R k = R k o i. It then follows from (R k )*A = 
Ad^" 1 )^ that (R k )*A = (R k )*i*A = i*(R k )*A = i*(Ad(£rV) = Ad^" 1 )!, which shows 2). 
Similarly maps vertical vectors in Q — >■ M to vertical vectors in P — ► M, which shows 3) for A 
since it holds for A. Lastly, to show the first property it suffices to show that (A q )i^ 3 is injective. 
If {A q )i^ i iy q ) = 0, then ^4.j( g )(^*(V^)) G t). But the preimage of t) under A is the space of vectors 
canonically associated with X € t). For i*(V q ) to be in this space we must have V q = 0. I 

This proposition has an immediate corollary that works only for the Minkowski observer space 
model, with G = ISO(3, 1). In this case t © 3 is a Lie subalgebra — the Lie algebra of the subgroup 
J = SO(3) IX M 4 consisting of rotations and spacetime translations. The proposition therefore 
implies (Q — > M, A^ } ) is a Cartan geometry with model (J,K). For the other models, boosts 
and rotations do not form a subgroup (note that [3,30] C t) in (3.11)), so we do not get a Cartan 
geometry of this sort. We can however get a Cartan connection more generally — not on spacetime 
but on space. This leads to the subject of 'Cartan geometro dynamics'. 

3.5 Cartan geometrodynamics and covariant Ashtekar variables 

Assume we have a Cartan connection on P M and an internal observer field y. This gives us 
the observer field u, as well as the principal K bundle Q y — > M. 

Also assume that there is a totally spatial hypersurface S ( "space" ) of M, meaning a codimension- 
1 submanifold such that each T X S consists entirely of spatial vectors: u(v) = for any v € T X S. 
Such S exists whenever the Frobenius condition u A du = holds. 

Pulling back the fake frame bundle P along the embedding of S into M defines a spatial fake 
frame bundle Ps over 5, a principal K bundle. Because of the way we defined 5, this is the bundle 



20 



of fake frames 

P s £S {proper linear isometries E: R 3 -> (%) y , x € S} . (3.23) 

where (T x ) y is the subspace of T x orthogonal to y{x) in the metric n on T ■ 

We have an inclusion map i y s '■ Ps ~> Qy which maps E to its unique extension to an isometry 
3 — > T x respecting time orientation, resulting in the following diagram: 

P S '^-Q ;l -/> (3.24) 

Y Y Y 

S ^M^^O 

Pulling back the 1-form A = i*A on Q y along i y> $ gives a 0-valued 1-form on P$ which now 
always defines a Cartan geometry. 

Proposition 16. The projection A of the 1-form i y $A = i^i*A, the pullback of the 1-form A on 
Q y — > M to the bundle Pg —¥ S, to t©3~* is a Cartan connection; (P$ — > S, A) is a Cartan geometry 
modeled on the Klein geometry (H',K) where H' is the Lie group with Lie algebra €©3. 

Proof: Again we need to show that A satisfies properties C1-C3 in definition 2. As in proposition 
15, the second property follows from compatibility of the inclusion with the action of K, and the 
third from the fact that the inclusion maps vertical vectors to vertical vectors. For the first property, 
by proposition 15, the projection of the image of (i y< s)*T r Ps (for r G P$) under A to t © 3 is a six- 
dimensional subspace of 6 © 3. It contains all of t by property 3, and a three-dimensional spacelike 
subspace of 3 in the metric n. The projection of such a subspace to 3 must also be three-dimensional. 
■ 

The Cartan connection A on P$ — > S is the basic ingredient for the picture of Ashtekar variables 
as Cartan geometrodynamics. If we have not just one spatial hypersurface S but a foliation of M 
by totally spatial hypersurfaces of identical topology, we can, just as in usual geometrodynamics, 
identify the hypersurfaces and view them as spatial geometries evolving in time, where 'time' is the 
function t associated to the field of co-observers u which is of the form u = N dt if the Frobenius 
condition u A du = holds. On each of these 'constant time slices' St we have a Cartan geometry 
given by {Ps t — > St, At) modeled on H' /K; we call this Cartan geometrodynamics. 

In our previous discussion of Cartan geometrodynamics [14] the Cartan connection on each 
spatial slice was modeled on hyperbolic space H 3 since, without the backdrop of observer space, 
this was the only 3-dimensional observer space in sight. Here, we clearly see the role of the group 
H', which depends on the cosmological constant chosen for the model spacetime Z = G/H. The 
Cartan geometry on each spatial slice is most naturally modeled on hyperbolic space, Euclidean 
space or the sphere, according to whether the spacetime model is anti-de Sitter, Minkowski, or de 
Sitter, respectively. 

We now detail the construction of Lorentz-covariant Ashtekar variables in [14] in order to clarify 
the relation between Ashtekar variables and Cartan geometrodynamics. The g-valued connection 
A on the -fT-bundle P — > O breaks up into the irreducible pieces as in (3.12): 

fl = «ffir,©3©3o 
A = n + b + e + e 
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Pulling back A along the internal observer field y, we obtain the connection A on Q y — > M which 
splits similarly: 

A = y*n + y*b + E + u. (3.25) 

The parts of A valued in 3 and i Q play a special role: they determine the notions of spatial and 
temporal vectors and forms. In particular, spatial vectors live in the kernel of u, while temporal 
vectors live in the kernel of the triad E; notions of spatial and temporal forms follow from this. 
We can define the field of observers u by requiring it to be spatial and normalized by u: 

E(u) = 0, u(u) = l. (3.26) 

All this agrees with definition 13. 

We can then split y*fl and y*b into their spatial and temporal parts, 

S:=y*Q(u), n:=y*n-uS, £ := y*b(u) , K:=y*b-u£, (3.27) 

to obtain the variables needed to describe generalized canonical gravity in [14] (where we only 
defined the (^-valued scalar 3 = S + £). Note that fl(u) = K(u) = 0, as required. 

Starting from the Palatini action for general relativity as a functional of the f) and 3 parts to and 
e of a Cartan connection (identified with A) and decomposing the variables and their derivatives 
further according to (3.25), (3.27), and (3.19), we then recover the usual formulation of canonical 
gravity in connection variables: The dynamical variable conjugate to the triad (or rather the inverse 
triad [E,E]) is the t-valued Ashtekar-Barbero connection 

A A . B . := n + 7 * K (3.28) 

where * is the Hodge dual on f). The variables E, ft and K must satisfy the Gauss constraints 

[K,[E,E}}=0, d^[E,E}=0, (3.29) 

where the spatial covariant differential d^ acts as d^X = d^X + [O, X]. They are also subject to 
the diffeomorphism and Hamiltonian constraints which can be given in the form 



E,fR[li\ + ^[K, K] + d ± uS 



0. 



E, d^K + d ± u £ =0 (3.30) 



where 9t[f2] := d f2 + fl A ft is the spatial curvature of fl. If the temporal 1-form u defines a 
foliation of spacetime, d^u = and the terms involving d u disappear; then one recovers the 
constraint formulation of Ashtekar-Barbero variables. See [14] for more details. 

By proposition 16, if u defines a foliation, the fields Q, and E can be assembled into an ^'-valued 
Cartan connection A that defines spatial geometry as a Cartan geometry modeled on {H',K). 
Using the Ashtekar-Barbero connection instead of fi defines a different spatial Cartan geometry of 
the same type with Cartan connection Aa.b. = (Aa.b., E). 

In [14] we argued that Cartan geometrodynamics gives an understanding of the Ashtekar- 
Barbero formulation of canonical gravity as a theory of spontaneously broken i?-symmetry. From 
the perspective of observer space advocated in the present paper, it would be more appropriate to 
speak of a spontaneously broken G-symmetry, where group G is spontaneously broken to if by a 
choice of observer on a model observer space. 
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4 General relativity on observer space 



4.1 Reconstructing spacetime 

We have seen, in Lemma 10, that spacetime Cartan geometry automatically gives us Cartan geom- 
etry on observer space. We now deal with the more interesting converse question: Given just an 
observer space O, under what conditions can we sensibly construct a spacetime M for which O is 
the unit future tangent bundle? 

To address this question, first note that in the principal H bundle P — > M, the spacetime 
manifold M itself actually contains only redundant information: it is just the space of //-orbits 
P/H. In the observer space picture, however, we do not, a priori, have any action of H on P. 
Rather, we have only a K action, since P is a principal K bundle over observer space. However, 
while there is no action of the group H , we will see that under certain conditions, we get an action 
of the Lie algebra f). Just as an action of a Lie group H on a manifold M is a group homomorphism 

H -> Diff(M) , 

an action of a Lie algebra f) on a manifold M is a Lie algebra homomorphism 

f) -> Vect(M) 

where Vect(M) is the Lie algebra of Diff(M), the Lie algebra of smooth vector fields on M. A Lie 
algebra action a: f) — > Vect(M) is integrable if the distribution a(f)) is an integrable distribution. 
The integral submanifolds of this distribution are the orbits of the fj-action, and the space of orbits 
is denoted M/h. [1] 

In our situation, we have an action of K on the manifold P, and this induces an action of the Lie 
algebra t of K, by differentiation. Using the Cartan connection A, it is clear that the distribution 
A(t) on P is just the distribution tangent to the fibers of P — >■ P/K. So, the spaces of orbits 
coincide: 

P/t = P/K . 

To reconstruct spacetime, we can try to extend this t-action to an integrable fraction. Whenever 
this works, we can immediately define: 

spacetime M := P/i). 

In the best case, the Ij-action will integrate to an //-action, the map P — > M will become a principal 
H bundle, and the observer space Cartan connection will therefore give the geometry of spacetime. 

To see how Cartan connections are related to Lie group actions, it is helpful to first view Cartan 
connections in a different way, using the nondegeneracy of a Cartan connection A : TP g to turn 
this map around. More precisely, suppose that A is any g-valued 1-form on a manifold P such that 
A p : T p P — > g is a linear isomorphism (i.e., property CI in the definition of a Cartan connection). 
Then we get a map 

A: g -> Vect(P) 
where for the value of A{X) at p E P is 

A{X) P :={A P )-\X). (4.1) 

It is easy to check that the properties CI, C2, and C3 are respectively equivalent to: 
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CI'. For each p G P, the composite g — > Vect(P) — > T p P is a linear isomorphism; 
C2'. R h *°A = Ao Ad(/ i - 1 ) V/i € ff; 

C3'. For X in f), is the canonical vertical vector field associated to f). 

We recall that any element of f), thought of as a left-invariant vector field on H, pulls back canon- 
ically to a vector field on P along any local trivialization. 

If A is a Cartan connection, A is generally not a Lie algebra homomorphism. In fact, the failure 
of A to be a homomorphism corresponds to the curvature F of A: 

Proposition 17. Suppose (it: P — > M , A) is a Cartan geometry modeled on the Klein geometry 
(G,H) and define A by (4.1). Then 

A([X,Y}) - [A(X),A(Y)]=A(F(A(X),A(Y))). 

for all X,Y € g. 

Proof: For any 1-form u, dto{X, Y) = X(u{Y)) - Y{u{X)) - u{[X, Y]), where X(u(Y)) denotes 
the directional derivative of the function qj(Y) along X. Applying this formula to dA(A(X),A(Y)), 
the first two terms are directional derivatives of constant functions, and thus vanish, leaving simply: 

dA(A(X),A(Y)) = -A(\A(X),A(Y)}). 

Hence, with F = dA + \ [A, A], 

F(A(X),A(Y)) = dA(A(X),A(Y)) + [X,Y] 
= -A([A(X),A(Y)]) + [X,Y] 

After applying A to both sides, we have the result. I 

This proposition implies that A restricts to a homomorphism on the subalgebra f) C g. In fact, 
we get a bit more: 

[A(X),A(Y)]=A([X,Y]) (4.2) 

whenever at least one of X, Y is in f) C g. To see this note that curvature F is horizontal: it vanishes 
on any vertical vector. Thus, if either X or Y is in f), then the left hand side of the equation in 
the lemma vanishes. In particular, A\§: f) — > Vect(P) is an action of the Lie algebra f) on P. These 
observations lead to a more general notion of Cartan connection studied by Alekseevsky and Michor 
[2] where the principal bundle structure is discarded, defining a g/f)-Cartan connection to be a 
1-form on a manifold P for which (4.2) holds whenever at least one argument is in f). A significant 
part of Cartan's theory carries over to this case. 

In our case, we start with a Cartan geometry for the model G/K and want a Cartan geometry 
for the model G/H. To this end, we define: 

Definition 18. Suppose (tt: P — >• O, A) is a Cartan geometry modeled on the Klein geometry 
(G,K), and t) is a Lie algebra with t C () C g. We say A is f)-flat if 

\A(X),A(Y)) = A([X,Y}) (4.3) 

whenever at least one of X,Y is in f) C g. We say A is ^-complete if A(X) is a complete vector 
field (i.e. generates a global flow) for all X G f). 
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Note that a Cartan geometry modeled on (G, K) is trivially t-flat, and g-flat if and only if it is flat. 

We can now give conditions under which spacetime geometry can be reconstructed from observer 
space. To state these conditions it is most convenient to modify the model geometry slightly, by 
replacing the groups G, H and K with their universal covering groups. In each of the cases we are 
interested in, the universal cover is just the double cover: 

r Spin (4,l) 

G = I ISpin (3, 1) H = Spin (3, 1) K = Spin(3) 

I Spin D (3,2) 

where ISpin(3, 1) := Spin(3, 1) ix R 3 ' 1 , and the subscript denotes the connected component, as 
before. Note that passing to these covering groups does not change the geometry at all on the 
infinitesimal level, since the Lie algebras are unchanged. 

Theorem 19 (Reconstruction of spacetime). Suppose (it: P — > 0,A) is an observer space 
geometry, with model (G,K). 

1. If A is fy-flat, then A(Jj) spans an integrable distribution of constant rank. 

2. If in addition A is ^-complete, it induces a locally free action of H on P. 

3. If this locally free action is free and proper, then the quotient M = P/H is a smooth manifold, 
and (ir: P — > M, A) is a Cartan geometry with model (G,H). 

In the third part, recall that a proper G action on X is one for which the graph G x X —■ X x X 
defined by (g,x) (x,gx) is a proper map: the preimages of compact sets are compact. 

Proof: Since A is a Cartan connection for a geometry on observer space, property CI implies 
A(fy) has constant rank equal to the dimension of f). If A is f)-flat, then in particular A\h is a Lie 
algebra action, and the span of any Lie algebra action is integrable (see e.g. [1]). 

If A is also f)-complete, then a well-known result of Palais [23] implies the Lie algebra action 
AL is the derivative of a locally free action of some Lie group H with Lie algebra f). But the action 
of H induces an action of any covering group of H, which we can take to be H. 

If H has a free and proper action on P, then there exists a unique smooth structure on P/H 
such that P — > P/H is a submersion; with this smooth structure, P — > P/H is a principal H- 
bundle. (see e.g. [21, Thm. 1.21]). It remains to check the properties of a Cartan connection. The 
nondegeneracy property CI is already satisfied. Since H is connected, equivariance C2 follows from 
fj-flatness. For property C3, note that restricted to any fiber of P — > P/H, A is a complete f)-valued 
1-form that is an isomorphism on each tangent space and satisfies the Maurer-Cartan equation. 
Hence, the fiber is an H torsor and A restricts to the Maurer-Cartan form. (See e.g. [25, Thm 8.7] 
for uniqueness of the Maurer-Cartan form with respect to these properties.) I 

It will be convenient to rephrase h-flatness for an observer space Cartan connection A in terms 
of A itself, rather than A;. 

Proposition 20. Suppose (tt: P — > O, A) is a Cartan geometry on observer space, modeled on the 
Klein geometry (G,K). Then A is fy-flat if and only if F vanishes on any v € TP for which 
A(v) € rj. 
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Proof: Since A is nondegenerate at each point, it is clear from Prop. 17 that A is f)-flat if and 
only if F(A(X),A(Y)) = whenever X £ f). Since A is a Cartan connection modeled on (G,K) 
this equation holds already for 1 6 f, and hence we require only that 

F(A(X),A(Y)) = VIei). 

But A(q) spans the tangent space at each point of P, and A(t)) spans the subspace of 'boost' vectors 
v. So, the condition on F is equivalently written 

F(v, w) = Vv € TP such that G t} . 

as we wished to show. I 

To rephrase this proposition, A is f)-flat if and only if F(i),v) = for all vectors v, where 
t) = A(\)) is the distribution on P corresponding to Lorentz boosts, discussed in section 3.3. While 
F need not vanish on n, it is interesting to note that the t) part of F always does: 

Proposition 21. Suppose (ir: P — > 0,A) is an observer space geometry. Then t) part of the cur- 
vature, F», is a spacetime 2- form, i.e. it vanishes on any vector in the boost distribution t). 

Proof: From (3.13) we have F» = dob + [e, e a ]. We must show that F^(v,w) = whenever 
A(v ) G t). It suffices to pick v € t) and w € Q and define v = A(v), w = A(w). In fact, it suffices to 
check the case where w 6 t) © 3, since we know that F(v , w) vanishes whenever w € £, since A is a 
Cartan connection with model (G,K). We have: 

F n (v,w) = (db+[tt,b] + [e,e„])(t;,ti;) 

= v(b(w)) - w(b(v)) + [n(v), b(w)} - [n(w), b(v)] + [e(v),e (w)] - [e(w),e (v)] . 

The first two terms are directional derivatives of constant functions, and so vanish. Moreover, since 
v e A(t)) and w G A(t) ffi 3), we have U(v) = Q(w) = e(v) = e Q (v) = 0. ■ 

4.2 Action 

We have seen in section 2.3 how to define general relativity in terms of the MacDowell-Mansouri 
action (2.15) for a Cartan connection A on spacetime M, corresponding to a Cartan geometry 
modeled on (G,H). Here we give a new action on observer space O, starting with a Cartan 
connection A corresponding to a Cartan geometry modeled on (G,K). In order to use theorem 
19, our action enforces f)-flatness of A; the rest of the action is a straightforward extension of the 
MacDowell-Mansouri action (2.15). Using a new field to enforce f)-flatness, we find that this field 
in general appears as a source to Einstein's equations, so that only a certain class of solutions to 
our action will correspond to vacuum general relativity. 
We define the following action on observer space: 

S[A,X, X ] = [ tr h (F„ A*F h ) Ar„(6A6A6) 
Jo 

+ [tr„ (F(A)) + tr^ B ( X [e, e](A))] tr^e, e] A *[e, e]) A r„(6 A b A b) . (4.4) 
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Here, A is the Cartan connection on observer space, which splits according to the splitting of 
representations (3.12) which we repeat here: 

g = t©t)©3©3 

A = n + b + e + e a 

In particular, b denotes the t) part and e is the part valued in 3 = 3 © % . The other two fields 
include a bivector valued in g 

AeA 2 TO0g (4.5) 

and a scalar valued in h ® g: 

X :0^f)®g. (4.6) 

Since F is a g-valued 2-form, we thus have F(\) £ g®g, and the bilinear form tr g : g ® g — > R 
gives us a scalar. Similarly, since e G T*0 (8)3, the commutation relation [3,3] C f) gives us 
[e, e] G f2 2 (0) <g> h. Feeding in the bivector A, we thus get [e, e](A) G P) <8> g, and hence a scalar after 
applying tr^n : f)<Sig<S)h®g— >Rtox[ e > e ](-^)- We also need to fix a K- invariant trilinear form 
on t), which as a representation of K is isomorphic to the adjoint representation of K; in component 
notation, one may take this to be (6 A b A 6) := e^b 1 A fr 5 1 A b k . As one may have expected, the 
action (4.4) is only invariant under K, not H. 

First consider the equations of motion resulting from variation with respect to % an d A, 

[e,e](A) = 0, 

F = -tr„(x[e,e]) . (4.7) 

To interpret these equations, note that since A is a Cartan connection corresponding to a Cartan 
geometry modeled on (G, K), its projection on n©3 defines a 'siebenbein', an isomorphism between 
each tangent space to a point in observer space and t) © 3. In particular, e defines a basis of 
'spacetime' 1-forms at each point in observer space. Then tr(,([e, e] A *[e, e]) is just the usual 
'spacetime' volume form induced by the vierbein e, and the wedge product with Tq(b Ab Ab) defines 
a volume form on observer space. 

The second equation in (4.7) then says that the curvature F vanishes on any 'velocity' vector, 
i.e. on any vector in the 3-dimensional subspace annihilated by the span of e. This is precisely the 
subspace of vectors that are mapped into t) by the Cartan connection A, and gives us the condition 
of f)-flatness (4.3). The remaining components of F are left arbitrary; they are given in terms of the 
Lagrange multiplier x- The first equation in (4.7) is a restriction on A; it requires its 'spacetime' 
components to vanish. 

On the solutions of (4.7), we therefore have a spacetime M whose observer space is O, and A 
is a Cartan connection defining a Cartan geometry modeled on (G, H). 

To obtain the equations of motion satisfied by the Cartan connection A, one can split the 
variations of (4.4) with respect to the connection A into variations with respect to its 'spacetime' 
form part and the rest. Variation with respect to the 'spacetime' form part will give, schematically, 

SS = J tf(tr 6 (F 6 A*i^)) Ar^bAbAb) 

+<5( [tr B (-F(A)) + tr„^ g ( X [e, e](A))] )tr 6 ([e, e] A *[e, e]) A r,(6 Ab Ab) 

+ [tr g (F(A)) + tr m ( X [e, e](A))] tf (trifle, e] A *[e, e]) A r„(6 A b A 6)) . (4.8) 
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The first line reproduces the equations of motion of MacDowell-Mansouri gravity, wedged with the 
everywhere non-zero 3-form T»(bAbAb). The contribution from the third line vanishes once (4.7) is 
imposed, since then the terms in square brackets are zero. But the variation of these terms need not 
be zero on-shell; the second line in general gives a contribution to the equations of motion involving 
the covariant divergence in 'velocity' directions of the mixed 'spacetime'/'velocity' components of 
A which thus appears as a source in Einstein's equations. Here we are facing the well-known issues 
with trying to enforce nonholonomic constraints through Lagrange multipliers; see e.g. [12] for a 
general discussion. In order to restrict to vacuum general relativity (with cosmological constant), 
we must assume this divergence to vanish everywhere. Physically, we could impose the requirement 
that the field A on observer space is really a 'spacetime' field, parallelly transported along 'velocity' 
directions by the connection A. We did not however find an elegant way to impose this condition 
directly through the action. 

The remaining variation is with respect to the 'velocity' form parts of A which gives 



if we restrict to solutions where the source term involving A vanishes, the 4- form tr^ (Fh A*Fh) 
vanishes, so that there is no contribution from the first term and we only get further restrictions 
on the field A. 

5 Relative spacetime 

Up to now, while the definition of an observer space geometry does not presuppose the existence 
of spacetime, we have been largely concerned with recovering spacetime from observer space. In 
section 4.1 we showed an fj-flat Cartan connection on observer space gives a concept of spacetime 
that all observers agree on: spacetime is the quotient of observer space obtained by integrating 
out the 'boost' distribution on observer space. We now consider more general observer space 
geometries: the boost distribution need not be integrable, in which case spacetime itself is at best 
an observer-dependent approximation. Briefly, spacetime is relative. 

In a general observer space geometry, each observer has a set of observers perceived as being at 
the same 'spacetime point'. 

Definition 22. Let (tt : P — > O, A) be an observer space Cartan geometry. The set of observers 
coincident to a given observer o G O is the union of points along geodesies starting at o with 
initial velocity v such that A(v) £ t). 

The notion of 'coincidence' thus becomes relative, analogously with the relativity of simultaneity in 
special relativity: For a non-integrable distribution of 'boost' vector fields, two different observers 
might view the same third observer as coincident without viewing each other as coincident. For 
observer spaces in which the deviation from fj-flatness is appropriately small, such effects would be 
noticeable only at very high relative velocities. 

Likewise, even when no absolute spacetime exists, each observer can reconstruct a local notion 
of 'spacetime', not as a quotient, but as a subspace of observer space, much as 'space' in special 
relativity is a particular observer-dependent slice through spacetime. 
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Definition 23. The local spacetime according to a given observer o € O is the union of points 
in observer space along geodesies starting at o with initial velocity v such that A{v) £ 3. 

We emphasize that this is a local definition: far away from the initial observer both topological and 
geometric problems may arise. Notice that for an observer space constructed from a spacetime, 
such geodesies project down to geodesies in spacetime; these geodesies may not fill all of spacetime, 
but they fill at least some neighborhood of the spacetime point corresponding to the observer. 

The idea that spacetime, and coincidence of observers, is relative also appears in the recently 
proposed 'principle of relative locality' [4]. In this proposal, physics takes place in 'phase space' — 
but deformed in such a way that spacetime is no longer a natural quotient but rather an observer- 
dependent subspace. Though not developed enough far enough yet to give a precise correspondence, 
this 'phase space' is presumably the symplectification of some observer space not associated to any 
spacetime. 

In fact, the relative locality idea has so far mostly been studied under the simplifying assumption 
that there is an absolute momentum space — a quotient of phase space that all observers agree on. 
Underlying this momentum space is an absolute velocity space, the subspace of momenta with unit 
mass. To relate to this work, let us consider observer spaces with, instead of absolute spacetime, 
an absolute concept of velocity space. In this case, there is a way to compare velocities, and all 
observers agree on the question of whether two velocities are the same. A rather trivial example 
is the observer space of special relativity Z = ISO(3, l)/SO(3), which has absolute spacetime by 
construction, but also absolute velocity space, since velocity vectors at different points are compared 
using a flat connection on the tangent bundle. 

Let us construct more interesting examples observer spaces with absolute velocity space. Begin 
with a static Lorentzian spacetime: a spacetime of the form 1x5 for some Riemannian 3-manifold 
S with fixed geometry. This has a canonical Cartan geometry on its observer space, and the 
geometry not only is f)-flat, since we built it from a spacetime, but also satisfies 

F(v) = Vv£ A{io) , (5.1) 

because the geometry is static. The trick is then to switch the roles of 'space' and 'velocity space'. 
The connection splits into components according to (3.12): 

A = 9. + b + e + e Q 

but there is a canonical isomorphism t) = 3 of representations of K, allowing us to swap b and e. The 
result is a Cartan connection which is no longer fj-flat, so that spacetime cannot be reconstructed. 
However, it is j-flat, where j = t © 3 is the Lie algebra of the group J = SO(3) tx M 4 of rotations 
and spacetime translations. We can thus define 

velocity space M* := P/). 

and, at least when the j action integrates to a proper J action, obtain Cartan geometry on the 
absolute velocity space (compare with Theorem 19). There is an absolute concept of two observers 
having the same velocity, but the notion of being at the same spacetime point is relative, in general. 

Notice that if an observer space geometry is both fj-flat and j-flat, implying the existence of both 
absolute spacetime and absolute velocity space, then the connection is flat. Flat Cartan geometries 
correspond to spaces that are locally isomorphic to the homogeneous model space [25], in this case 
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the observer space of Minkowski spacetime. A general observer space geometry, of course, has 
neither an absolute notion of spacetime nor of velocity space. These deserve further exploration, 
which we leave to future work. 

6 Conclusions and outlook 

As indicated in the introduction, one of our motivations has been to relate covariant and canonical 
approaches to gravity. The discord between these two pictures has led some physicists, beginning 
with Dirac (see [19], p. 290) to doubt the ultimate significance of the spacetime picture: 

This result has led me to doubt how fundamental the four-dimensional requirement in 
physics is. ... [I]t seems that four-dimensional symmetry is not of overriding importance, 
since the description of nature sometimes gets simpler when one departs of it. 

This doubt has perhaps been carried furthest by Barbour, whose work has culminated in an al- 
ternative to general relativity in which only space is fundamental and spacetime emerges from the 
theory itself [8]. Other theories under current investigation, including the anisotropic gravity of 
Hofava [17], and causal dynamical triangulations [3] start from a spacetime picture, but introduce 
a preferred spatial foliation, restoring an absolute notion of simultaneity. 

In this paper, we have argued for a complementary approach: rather than assuming any funda- 
mental concept of 'space', we take the notion of an observer seriously, as ontologically prior to either 
space or spacetime. As observers, we do not experience spacetime directly. Prom our collective 
experience, we notice that: 

• Each of us can organize the objects near us by describing their positions using three coordi- 
nates. In brief, each observer sees 'space' as three-dimensional. 

• We each experience things changing in time. Each observer sees 'time' as one-dimensional. 

• We can relate other observers to us according to their (relative) velocity. We see 'velocity 
space' — the space of all observers coincident with us — as three-dimensional. 

Admittedly, these do not appear to be independent, since we use our notions of space and time 
to measure velocities. However, measuring a velocity requires nonlocal measurements, and even 
special relativity shows that the 'obvious' relationship among space, time, and velocity is only 
approximate. Most important is relativity's lesson that we disagree on these notions of space, time, 
and velocity space. If we suppose that these notions uniquely determine an observer, then we need, 
a priori, some seven-dimensional space of observers. It is not obvious that this can be reduced 
precisely to some 4-dimensional 'spacetime'. 

Observer space provides a new way of understanding the geometry of general relativity. We 
have also argued that the flexibility of this new perspective provides a natural setting for studying 
proposed modifications of general relativity, and their relationships. This leaves much to be done, 
both on the subject of observer space itself, and on applications. 

First, it will be interesting to study more particular examples of observer space, both those 
arising from solutions of general relativity and observer spaces without an underlying spacetime. 
For instance, one immediate question is how the existence of an event horizon in the spacetime of 
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a black hole, or of a cosmological horizon in an expanding universe, is encoded in the geometry of 
observer space. 

Second, while lightlike particles play an obviously important role in general relativity, we have 
so far mostly ignored the extension of observer space that includes them, as described at the end 
of section 3.1. The action of the group H on hyperbolic space H 3 = H/K can be extended to an 
action on the compactification H 3 , with two orbits: H 3 itself and the boundary. The respective 
stabilizers are K and K' = SIM(2), the stabilizer of a light ray through the origin of Minkowski 
spacetime. A general extended observer space geometry should include not only Cartan geometry 
modeled on G/K, as we have defined in this paper, but also Cartan geometry modeled on G/K', 
describing the boundary of observer space. In the same way that the G/K geometry is related to 
standard Hamiltonian methods, as described in section 3.5, the G/K' geometry should presumably 
be related to light-front methods [16], in which the splitting of fields is done from the perspective of 
'lightlike observers'. A deeper study of this geometry may reveal connections to other theories, such 
as the 'very special relativity' proposal, which uses SIM(2) as the fundamental spacetime symmetry 
group [10]. 

To discuss possibly observable Lorentz violation, it will be useful to couple matter fields to 
gravity on observer space. For gravity itself, as we have mentioned in the introduction, there exist 
several competing ideas about quantum gravity that are not covariant under changes of observer. 
The perspective of observer space could allow studying those ideas from a new geometric angle. 

On the phenomenological side, it would be interesting to tighten the relationship between ob- 
server space and the relative locality proposal. While the two seem clearly related, and both lead to 
the idea that locality, or coincidence, is a relative notion, the two frameworks have different start- 
ing points. In particular, the idea behind relative locality involves building up spacetime geometry 
from the interactions of particles in the universal velocity (or rather momentum) space. 

The idea that spacetime geometry is 'velocity-dependent' or 'momentum-dependent' appears 
in several approaches going beyond usual Lorentzian geometry as the basic framework for gravi- 
tational physics, some of which might be related to observer space Cartan geometries. The most 
obvious example is Finsler geometry, sometimes referred to as 'Riemannian geometry without the 
quadratic restriction' [9] — one replaces the metric by general length functional, whose second deriva- 
tive with respect to velocities can be viewed as a 'velocity-dependent metric'. Observer spaces 
naturally describe a 'velocity-dependent' geometry, although it is not completely obvious to relate 
our connection-based approach to an essentially metric-based approach. 

Observer space geometries could also serve as classical models that incorporate some aspects 
of the quantum nature of the gravitational field. In the asymptotic safety approach to quantum 
gravity [24], an effective metric (g^k appears as a critical point of an effective action associated 
to a momentum scale k. Rephrasing such concepts as observer space geometry could be helpful for 
studying the phenomenology of quantum gravity. 

Relating our framework to possible predictions for physical measurements will involve clarifying 
some interpretational and foundational issues. Measurements should be made by inertial observers 
moving on certain geodesies on observer space (as discussed in section 3.1) and compared to those 
made by other observers. We then have to understand why the assumption that spacetime exists is 
compatible with our experience to such excellent precision. We saw that it is not obvious to recover 
an underlying spacetime from observer space when trying to give an action for general relativity on 
observer space. Similarly, we must explain why matter fields are not arbitrary functions on observer 
space, but to a good approximation just fields on 'spacetime'. We leave all of this to future work. 
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A Letters 

Here are the letters used in this paper for various things. 
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